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J.C. Oxtoby and S. Ulam proved that each set of the ﬁrst category in r-dimensional
Euclidean space can be transformed into a set of Lebesgue measure zero by some
automorphism, and such homeomorphisms constitute a residual set in the set of all
automorphisms. We have improved this result changing the sets of measure zero by
microscopic sets on the real line and on the plane.
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Let I = [0,1], and let H denote the set of all automorphisms of I that leave the endpoints ﬁxed. It is easy to see that
if F is a nowhere dense closed subset of I then there exists a homeomorphism h ∈ H such that h(F ) is a set of Lebesgue
measure zero (for example h(x) = m([0,x]∩(I\F ))m(I\F ) ). The generalization of this result to a set of the ﬁrst category is also valid.
In [5], §13, it is proved, using category argument, that for each set A ⊂ I of the ﬁrst category there exists a homeomorphism
h ∈ H such that h(A) is a set of Lebesgue measure zero. Moreover, such homeomorphisms constitute a residual set in H
([5], Theorem 13.1). From this fact it follows that each linear set of the ﬁrst category can be transformed into a set of
Lebesgue measure zero by an automorphism of the line. J.C. Oxtoby and S. Ulam in [6] proved that the analogous theorem
in the r-dimensional Euclidean space also holds. In particular, for each set A of the ﬁrst category on the plane there exists
a product homeomorphism h = f × g of the plane onto itself such that h(A) is a set of 2-dimensional Lebesgue measure
zero.
In this note we improve these results, changing the sets of measure zero by the microscopic sets on the line and on the
plane, respectively.
The notion of microscopic set on the real line was introduced by J. Appell in [1]. The properties of these sets were
investigated by J. Appell, E. D’Aniello and M. Väth in [3] and [2]. They proved among others that the family of all microscopic
sets is a σ -ideal situated between countable sets and sets of Lebesgue measure zero, and is essentially different from both
these families (in fact each microscopic set has Hausdorff dimension zero).
Let N denote the set of positive integers, Z – the set of integers, R – the real line and R2 – the plane.
Let m and m2 denote the Lebesgue measure on the real line and 2-dimensional Lebesgue measure on the plane, respec-
tively. By Int A ( A¯) we shall denote the interior (closure) of A in the Euclidean topology.
If A ⊂ R and α ∈ R then A +α = {x+α: x ∈ A}. If A ⊂ R2 and (α,β) ∈ R2 then A + (α,β) = {(x+α, y+β): (x, y) ∈ A}.
Let C be the space of all continuous functions on I mentioned by the distance function ρ(g,h) = maxx∈I |g(x) − h(x)|.
The space (C,ρ) is complete so it is the set of the second category. We consider the set H of all automorphisms of I that
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A. Karasin´ska, E. Wagner-Bojakowska / Topology and its Applications 159 (2012) 1894–1898 1895leave the endpoints ﬁxed with the metric ρ . The space (H,ρ) is not complete, but H is a Gδ subset of C , so is topologically
complete (see [5], Theorem 12.1) and, consequently, is also a set of the second category.
Deﬁnition 1. ([3]) We shall say that a set A ⊂ R is microscopic if for each ε > 0 there exists a sequence {In}n∈N of intervals
such that A ⊂⋃n∈N In and m(In) < εn for n ∈ N.
By Cantor-type set we mean a compact, nonempty perfect and totally disconnected set. From Moore–Kline Theorem
(see [7], Theorem 69) it follows that every Cantor-type set is homeomorphic to the standard middle-thirds Cantor set.
Moreover, any two Cantor-type sets A and B in R are ambiently homeomorphic (see [7], Theorem 74), i.e. there exists a
homeomorphism of R onto itself that transforms A onto B .
Lemma 2. There exists a Cantor-type set M ⊂ [0,1] which is microscopic.
Proof. We shall deﬁne by induction the sequence of open intervals { Jn,i}, i ∈ {1, . . . ,2n−1}, n ∈ N in a following way.
Put J1,1 = ( 14 , 34 ). Denote by K1,1, K1,2 successive components of the set I \ J1,1. Obviously m(K1,i) = 1221 for i ∈ {1,2}.
Let J2,1, J2,2 be two open intervals concentric with K1,1, K1,2 respectively, such that m( J2,1) = m( J2,2) = m(K1,1) − 2 1
322
.
Let K2,1, K2,2, K2,3, K2,4 denote successive components of the set I \ ( J1,1 ∪ J2,1 ∪ J2,2). Notice that m(K2,i) = 1
322
for
i ∈ {1,2,3,4}.
Let k  2. Assume that we have constructed the open, nonempty intervals Jl,1, . . . , Jl,2l−1 concentric with Kl−1,1, . . . ,
Kl−1,2l−1 respectively, such that m( Jl,i) = m(Kl−1,1) − 2 1
(l+1)2l for l ∈ {1, . . . ,k} and i ∈ {1, . . . ,2
l−1}. Let Kk,1, . . . , Kk,2k be
successive components of the set I \⋃kl=1⋃2l−1i=1 Jl,i . Notice that m(Kk,i) = 1
(k+1)2k for i ∈ {1, . . . ,2
k}.
Now let Jk+1,1, . . . , Jk+1,2k be open intervals concentric with Kk,1, . . . , Kk,2k respectively, such that m( Jk+1,i) =m(Kk,1)−
2 1
(k+2)2k+1 for i ∈ {1, . . . ,2
k}. Let Kk+1,1, . . . , Kk+1,2k+1 be successive components of the set I \
⋃k+1
l=1
⋃2l−1
i=1 Jl,i . Obviously
m(Kk+1,i) = 1
(k+2)2k+1 for i ∈ {1, . . . ,2
k+1}.
Let us put
M =
∞⋂
k=1
2k⋃
i=1
Kk,i .
Now let ε > 0. There exists n0 ∈ N such that 1n0 < ε. Obviously M ⊂ Kn0,1 ∪ · · · ∪ Kn0,2n0 . Moreover
m(Kn0,i) =
1
(n0 + 1)2n0
<
1
n0 i
< εi
for i ∈ {1, . . . ,2n0 }. Hence M is a Cantor-type set which is microscopic. 
Theorem 3. For each closed and nowhere dense set F ⊂ I there exists a homeomorphism h ∈ H such that h(F ) is a microscopic set.
Indeed, all such homeomorphisms constitute a residual set in H.
Proof. Let F ⊂ I be a closed and nowhere dense set. Let I1,1 ⊂ ( 13 , 23 ) be an open interval such that I1,1 ∩ F = ∅. Denote by
P1,1, P1,2 successive components of the set I \ I1,1.
Let k be an integer. Assume that we have constructed the open nonempty intervals Il,1, . . . , Il,2l−1 for l ∈ {1, . . . ,k} such
that Il,i is contained in the middle interval of Pl−1,i (where Pl−1,i for i ∈ {1, . . . ,2l−1} denote successive components of the
set I \⋃l−1n=1⋃2n−1i=1 In,i) and F ∩⋃2l−1i=1 Il,i = ∅. Denote by Pk,1, . . . , Pk,2k successive components of the set I \⋃kn=1⋃2n−1i=1 In,i .
For i ∈ {1, . . . ,2k} divide each Pk,i into three subintervals of equal lengths. Since F is a nowhere dense set, there exist
open nonempty intervals Ik+1,i such that Ik+1,i is contained in the middle subinterval Pk,i for i ∈ {1, . . . ,2k} and F ∩⋃2k
i=1 Ik+1,i = ∅. Therefore we have constructed the sequence of intervals {Ik,i}i∈{1,...,2k−1},k∈N . Put
C = I \
∞⋃
k=1
2k−1⋃
i=1
Ik,i =
∞⋂
k=1
2k⋃
i=1
Pk,i .
A standard argument shows that C is a Cantor-type set, and, obviously, F ⊂ C .
Let M be a set from Lemma 2. From Moore–Kline Theorem (see [7]) it follows, that there exists a homeomorphism
h : [0,1] → [0,1] such that h(0) = 0, h(1) = 1 and h(C) = M . Obviously h(F ) ⊂ h(C) = M , so h(F ) is a microscopic set.
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morphisms h ∈ H for which there exists a sequence {Ikn}n∈N of open intervals such that h(F ) ⊂
⋃∞
n=1 Ikn and m(Ikn) < 1kn for
n ∈ N.
Let k be a ﬁxed positive integer. First we shall show that Ek is an open set. Let h ∈ Ek . There exists the sequence {Ikn}n∈N
of open intervals such that h(F ) ⊂⋃∞n=1 Ikn and m(Ikn) < 1kn for n ∈ N. Put G =⋃∞n=1 Ikn . Obviously G is an open set and h(F )
is closed and bounded. There exists a positive number δ such that K (x, δ) ⊂ G for each x ∈ h(F ). Hence for each g ∈ H , such
that ρ(g,h) < δ we have g(F ) ⊂ G , so g ∈ Ek and Ek is an open set.
Now we shall show that Ek is a dense set. For each g ∈ H and ε > 0, divide I into a ﬁnite number of closed subintervals
I1, . . . , IN of length less than ε, which endpoints do not belong to the set g(F ). Since g(F ) is nowhere dense, there exists
a closed interval J i ⊂ Int Ii \ g(F ) for each i ∈ {1, . . . ,N}. Let hi be a piece-wise linear automorphism of Ii that leaves the
endpoints ﬁxed and maps J i onto Li , where Li is a closed subinterval of Ii such that Int(Ii) \ Li = K2i−1 ∪ K2i , where
m(K2i−1) < 1k2i−1 and m(K2i) <
1
k2i
for each i ∈ {1, . . . ,N}. Together, these hi i ∈ {1, . . . ,N} deﬁne a mapping h ∈ H . Since
(h ◦ g)(F ) ⊂ K1 ∪ · · · ∪ K2N and m(Ki) < 1ki for each i ∈ {1, . . . ,2N} we have h ◦ g ∈ Ek . Moreover ρ(h ◦ g, g) < ε. Therefore
Ek is dense in H . Consequently, Ek is a residual set in H for k ∈ N.
Put E =⋂∞k=1 Ek . Obviously E is also a residual set in H . Finally we shall prove that h(F ) is a microscopic set for each
h ∈ E . Let h ∈ E and ε > 0. There exists k0 ∈ N such that 1k0 < ε. Since h ∈ Ek0 , there exists the sequence {I
k0
n }n∈N of open
intervals such that h(F ) ⊂⋃∞n=1 Ik0n and m(Ik0n ) < 1k0n < εn for n ∈ N. Therefore h(F ) is a microscopic set. 
Theorem 4. For each set A ⊂ I of ﬁrst category there exists a homeomorphism h ∈ H such that h(A) is a microscopic set. All such
homeomorphisms constitute a residual set in H.
Proof. Let A be a set of the ﬁrst category. Then A ⊂⋃∞n=1 A¯n , where An is a nowhere dense set for each n ∈ N. From
Theorem 3 we obtain that the set
Ωn =
{
h ∈ H: h( A¯n) is a microscopic set
}
is a residual set in H for each n ∈ N. Consequently, Ω =⋂n∈N Ωn is a residual set and if h ∈ Ω , then h(A) ⊂⋃n∈N h( A¯n).
The family of all microscopic sets on the real line is a σ -ideal, so h(A) is a microscopic set. 
Theorem 5. A set A ⊂ R is of the ﬁrst category if and only if there exists a homeomorphism h : R → R, such that h(A) is contained in
some Fσ microscopic set.
Proof. If A is of the ﬁrst category then A ⊂ B , where B is Fσ set of the ﬁrst category. Obviously B =⋃k∈Z(B ∩ [k,k + 1])
and B ∩[k,k+1] is Fσ set of the ﬁrst category for k ∈ Z. From Theorem 4 for each k ∈ Z there exists a homeomorphism hk :
[k,k+1] → [k,k+1] that leaves the endpoints ﬁxed and maps B ∩[k,k+1] onto some microscopic set. Putting h(x) = hk(x)
for x ∈ [k,k + 1] and k ∈ Z we obtain an automorphism of R such that h(A) ⊂ h(B) =⋃k∈Z hk(B ∩ [k,k + 1]). Consequently,
h(A) is contained in some Fσ microscopic set.
The second part of the proof follows from Theorem 13.4 in [5] and from the fact that a microscopic set is a set of
Lebesgue measure zero. 
Now we shall prove that the analogous theorems on the plane are also valid.
Put I2 = I × I . Let H2 denote the set of all automorphisms of I2 which can be taken to be a product transformation
f × g , where f , g ∈ H .
If h1 = f1 × g1 and h2 = f2 × g2, deﬁne
σ(h1,h2) = ρ( f1, f2) + ρ(g1, g2).
The metric space (H2, σ ) is topologically complete.
By an interval we shall mean a rectangle with sides which are parallel to coordinate axis.
Deﬁnition 6. We shall say that a set A ⊂ R2 is microscopic if for each ε > 0 there exists a sequence {In}n∈N of intervals
such that A ⊂⋃n∈N In and m2(In) < εn for n ∈ N.
Denote by M2 the family of all microscopic sets in R2, by N2 the family of all sets of Lebesgue measure zero on the
plane and by P2 the family of all countable subsets of the plane.
Theorem 7. ([4]) The familyM2 is a σ -ideal situated between the families P2 andN2 .
Theorem 8. Let F ⊂ I2 be a closed and nowhere dense set. There exists a homeomorphism h ∈ H2 such that h(F ) is a microscopic set.
Indeed, all such homeomorphisms constitute a residual set in H2 .
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there exists the sequence {Ikn}n∈N of open intervals fulﬁlling conditions:
1. h(F ) ⊂⋃∞n=1 Ikn ,
2. m2(Ikn) <
1
kn for n ∈ N.
By the same reasoning as in the proof of Theorem 3 we see, that Ek is a nonempty open subset of H2 for k ∈ N.
We shall prove that Ek is a dense set in H2 for k ∈ N. Let ε > 0. There exists n ∈ N such that 1n < ε2 . Divide I into n
closed subintervals Ii = [ i−1n , in ] for i ∈ {1, . . . ,n}. Put Fi, j = F ∩ (Ii × I j) for i, j ∈ {1, . . . ,n}. Let Ti, j denote the translation
x′ = x− i − 1
n
, y′ = y − j − 1
n
for i, j ∈ {1, . . . ,n}. Therefore the set
n⋃
i=1
n⋃
j=1
Ti, j(Fi, j)
is a nowhere dense set in I1 × I1. Choose closed intervals J and K such that
J × K ⊂ Int(I1 × I1) \
n⋃
i=1
n⋃
j=1
Ti, j(Fi, j).
Then (
i − 1
n
+ J
)
×
(
j − 1
n
+ K
)
⊂ (Ii × I j) \ F .
Let f1 and g1 be a piece-wise linear automorphisms of I1, leaving the endpoints ﬁxed such that f1( J ) and g1(K ) are closed
intervals concentric with I1 such that m( f1( J )) =m(g1(K )) > 1n − 2k4n2 . Deﬁne for i, j ∈ {1, . . . ,n},
f i(x) = i − 1
n
+ f1
(
x− i − 1
n
)
for x ∈ Ii,
g j(y) = j − 1
n
+ g1
(
y − j − 1
n
)
for y ∈ I j.
Putting f (x) = f i(x) for x ∈ Ii , g(y) = g j(y) for y ∈ I j and i, j ∈ {1, . . . ,n} we obtain f , g ∈ H and f × g is automorphism
of I2 such that f × g : Ii × I j → Ii × I j for i, j ∈ {1, . . . ,n}. Hence
σ( f × g, idx × idy) 1
n
+ 1
n
< ε.
Put α = 12 ( 1n −m( f1( J ))). Then α < 1k4n2 , so there exists a positive number β such that α+β <
1
k4n2
. Consider open intervals
K i, j1 =
(
i − 1
n
− α
2
,
i
n
− α
2
)
×
(
j − 1
n
− β, j − 1
n
+ α
)
,
K i, j2 =
(
i
n
− α, i
n
+ β
)
×
(
j − 1
n
− α
2
,
j
n
− α
2
)
,
K i, j3 =
(
i − 1
n
+ α
2
+, i
n
+ α
2
)
×
(
j
n
− α, j
n
+ β
)
,
K i, j4 =
(
i − 1
n
− β, i − 1
n
+ α
)
×
(
j − 1
n
+ α
2
,
j
n
+ α
2
)
,
for i, j ∈ {1, . . . ,n}. Now we put the elements of the family {K i, jp : i, j ∈ {1, . . . ,n}, p ∈ {1, . . . ,4}} into the sequence
{Kl}4n2l=1. Obviously if h = ( f , g), then h(F ) is covered by the sequence deﬁned above. Moreover m2(Kl) < 1k4n2 ·
1
n <
1
kl
,
for l ∈ {1, . . . ,4n2}, so h ∈ Ek .
Thus for any nowhere dense closed set F the ε-neighborhood of the identity in H2 contains some element of Ek .
Let φ ∈ H2. Thus φ(F ) is a closed nowhere dense set, so from the above, there exists a homeomorphism h ∈ H2 such
that h ◦ φ ∈ Ek and σ(h ◦ φ,φ) < ε. Therefore Ek is dense in H2. Consequently, Ek is residual set for k ∈ N.
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Let h = ( f , g) ∈ E and ε > 0. There exists k0 ∈ N such that 1k0 < ε. Since h ∈ Ek0 , there exists the sequence {I
k0
n }n∈N of open
intervals such that h(F ) ⊂⋃∞n=1 Ik0n and m2(Ik0n ) < 1k0n < εn for n ∈ N. Therefore h(F ) is a microscopic set. 
Theorem 9. For each set A ⊂ I2 of the ﬁrst category there exists a homeomorphism h ∈ H2 such that h(A) is a microscopic set. All
such homeomorphisms constitute a residual set in H2 .
Proof. Let A be a set of the ﬁrst category. Then A ⊂⋃∞n=1 A¯n , where A¯n is a closed and nowhere dense set for each n ∈ N.
From Theorem 8 we obtain that
Ωn =
{
h ∈ H2: h( A¯n) is a microscopic set
}
is a residual set in H2 for each n ∈ N. Consequently, Ω = ⋂n∈N Ωn is a residual set in H2 and if h ∈ Ω , then h(A) ⊂⋃
n∈N h( A¯n), so h(A) is a microscopic set. 
Theorem 10. For each set A ⊂ R2 of the ﬁrst category there exists an automorphism h = f × g of R2 such that h(A) is a microscopic
set.
Proof. Let A ⊂ R2 be a set of the ﬁrst category. Putting Ak,l = ([k,k + 1] × [l, l + 1]) ∩ A for k, l ∈ Z we obtain A =⋃
k∈Z
⋃
l∈Z Ak,l and Ak,l is of the ﬁrst category for k, l ∈ Z. Deﬁne
B =
⋃
k∈Z
⋃
l∈Z
(
Ak,l − (k, l)
)
.
Obviously B ⊂ I2 is a set of the ﬁrst category. From Theorem 9 there exists a homeomorphism h∗ = ( f ∗, g∗) ∈ H2 such that
h∗(B) is a microscopic set. For (x, y) ∈ [k,k + 1] × [l, l + 1] and k, l ∈ Z put
fk(x) = f ∗(x− k) + k,
gl(y) = g∗(y − l) + l.
Obviously fk : [k,k + 1] → [k,k + 1] and gl : [l, l + 1] → [l, l + 1] are homeomorphisms that leave the endpoints ﬁxed for
k, l ∈ Z, so ( fk, gl) : [k,k + 1] × [l, l + 1] → [k,k + 1] × [l, l + 1] and ( fk, gl)(Ak,l) ⊂ h∗(B) + (k, l). Thus ( fk, gl)(Ak,l) is a
microscopic set for k, l ∈ Z. Put h(x, y) = ( fk(x), gl(x)) for (x, y) ∈ [k,k+1]×[l, l+1] and k, l ∈ Z. Then h is an automorphism
of R2 such that h = ( f , g), where f (x) = fk(x) for x ∈ [k,k + 1],k ∈ Z and g(y) = gl(y) for y ∈ [l, l + 1], l ∈ Z. Moreover
h(A) =
⋃
k∈Z
⋃
l∈Z
h(Ak,l) =
⋃
k∈Z
⋃
l∈Z
( fk, gl)(Ak,l).
Thus h(A) is a microscopic set. 
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